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Problem. Given a Banach space Z, describe its infinite-dimensional
complemented subspaces up to isomorphism.

When Z is a “classical Banach space”: ¢y, ¢, TC[O, 1‘], (Lpl, .

Theorem (Pelczynski, 1960). Every infinite-dimensional complemented subspace
of cg is isomorphic tocy. For1l < p < 0o, every infinite-dimensional complemented
subspace of £, is isomorphic to ).

Theorem (Lindenstrauss, 1967). Every infinite-dimensional complemented
subspace of £, is isomorphic to £ .

Question. Is every complemented subspace of C|0, 1] isomorphic to C'(K) for
some compact metrizable space K7
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For\l < p < 00,lp # 2, the familiar complemented subspaces of L,[0, 1] include
2

7, W GET (@e2) AR
n=1 l,

For p > 2, Rosenthal (1970) and Schechtman (1975) constructed further examples.

Theorem (Bourgain—-Rosenthal-Schechtman, 1981). The space|L,|0, 1|\ has
uncountably many pairwise nonisomorphic complemented subspaces.

They have unconditional bases, hence are isomorphic to Banach lattices.
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Question (Lindenstrauss—Rosenthal, 1969). Is every infinite-dimensional
complemented subspace of L1|0,1] isomorphietoly or L1]0,1]7

For such a subspace X:

( Theorem (Lindenstrauss—Pelczynski, 1968). If X has an unconditional basis, then
X~/ 1-

Theorem (Lewis—Stegall, 1973). If X has the Radon—Nikodym property, then
X ~ fl.

Theorem (Enflo-Starbird, 1979). If X contains a copy of L1]0, 1], then
X ~ Lq|0,1].
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Let X be an infinite-dimensional complemented subspace of L1 |0, 1].

Questions (Popov, 2020).
(a) If X has the Schur property, must X ~ ¢,7?

Theorem A. There exists an infinite-dimensional complemented subspace of L4
which has the Schur property and is not isomorphic to £;.

(b) If X does not have the Schur property, must X ~ L[0,1]?

Theorem B. There exists an infinite-dimensional complemented subspace of L1
which does not have the Schur property and is not isomorphic to L.

Projections on L, are Dunford—Pettis exactly when their ranges have the Schur property.



& & |Lancaster Complemented subspaces and ideals

University

Theorem C. There is a family (X 4)hca] |A| = ¢, of complemented subspaces of
L1|0,1]. Each X 4 has the Schur property but fails the Radon—Nikodym property. If
A # B, then X 4 is not isomorphic to a subspace of X g.

Corollary. The algebra L(L1) contains 2° distinct proper closed two-sided ideals.
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Contractive Co—semigroupsx N (j}omplemented subspaces of

[ on X B (No; X Q< p < 00
Definition. On a Banach space X, a @ntractzv@sengroup is a family y— Q‘\u

(u > 0) of bounded linear maps C), : X — X such that —
N

i) CO I'x and(Ciggg = C,Cfor all u,v > 0,
. %
ii) ||C,| <1 for W

iii) For every f € X, Tim,, 10 ||Cuf —1fllx = 0.

\

Examples.

IC, = Ix forallu > 0, C,=e Yyx forallu>0.
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For t > 0, average the semigroup against an exponential density:

1 > JW
R, f = " e ﬂC’ui du./

Each R; is a contraction, an I tf — fjn Xast|O.

Resolvent identity.

Ith — SRS\

I T
R.R; =
t— s

(s,t >0, s #t)

For the infinitesimal generator A, R; = (I — tA) !
or the infinitesimal generator A, R; = ( , SO

tRy — sRy = R, [t(I — sA) — s(I —tA)|R, = (t — s)RsR;. O
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strong operator
Fix 1 < p < oo. Theng g P> :R }_ia T
+=>0

For ff c X, deﬁne
Eare

tR; — sR,
R.R, = =5
t— s
(s,t >0, s#1)

J

_ fp _I_ 2’"4’/2 f
HfH = [If] 2y J X
2= Z0,(X) = {f € X:|fll7 < o0}
J Igor’_d_s’.
ZC EP(NO;X) f
K7 ) K|?
) el [k

[telescoping ] scale estimate‘
'—/p_g-’T - 3

’(’;\/5(1_ R1/2)f,2(I—R1/4)fa---)




& & lancaster Resolvent identities

University

Lemma. For s,t > 0,

¢ — |
1) “ (I _ Rs)-'RtH <r’H:in{]_’ S/t} scale estimate tR, — sR.
— _ R.R; = ..
11) R2t (I Rt ‘Rt R2t J telescoping / S
— (s,t >0, s #t)
Proof. i) By the resolvent identity,
S contractivity .
(I — Rs)Rt — ¥R3(I — Rt) ? H(I — RS)Rt” S m1n{2, 28/t}

ii) Taking s = 2t,
RoyyR; = 2Ry — R;. [
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Theorem 1. Forl <p < oo,’Z = Zc,p(}d embeds

1sometrically as a complemented subspace Oftﬁp(No; X).
)

Proof sketch. Recall that

Z={feX:3,212"" (I - Ren) fl| < oo}

Jf = (f,(2"2(I — Ry) f)n>1)
7 €,(Ng; X)\

K((mn)nzo) = Rixog + anl 2 "2Ro1ny,

)

(1= BRI N
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\/§(I_ R1/2) 3 i _
7= | 20— R |, K= (R, 2R, ... ) (I - R)Ri|
— < 2min{l1, s/t}
)
Inf= (o (JF)N,0,...). T
7/* ii) Roi(I — Ry)
KJNf le—l—ZRzlnI Ry»)f R — R
n=1
i) 1 — | N =22
_le+n2132n—R21n sy 7 L
_ m strong continuity> f

N—D



& & Lancaster The proof of Theorem 1

University

K is bounded. For finitely supported z,

L0

Kb= (R, 2R, ---)|=

(JK);; = 20°9/2(I — Ry )Rys (3,5 > 1).

N |(JK) || < 2-2719/2

|(JEz)l|x <23 2702z «.
7>0
Young
Kzl z = |TKzl ez S 2le,0u0-

m

59

|(I — Rs) Ry

< 2min{l, s/t}

ﬂ i) Roy(I — Ry)

TR i A
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P = \J K is a bounded projection.

gl=1 Inf — Jf in£,(Ng; X). i) [|(Z— Rs)R||
K@y o {KJf in Z (‘I_(" bounded), < 2min{l, s/t}
— -N] —
? T in X (strong continuity).

ii) Ro (I — Ry)

I =1y | S

P?’=J(KJ)K=P, ranP=JZ. [

= -

Cy-semigroup complemented subspace of
on X ¢,(Np; X)
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Theorem 1. For a \contmctive_g_’g-semigmﬂ{ onX andl < p < 00, Zcp(X)

embeds isometrically as a complemented subspace offp(No; )_(J)

Takep =1 and X = Ll(G,m),JWhere

E:{_Li}j\Ia lm:®%(5—l‘|‘5l)'

L{ j>1

The multiplication is coordinatewise, and m is Haar probability.

7 Y
Lo = Zc,l(Ll(G,m)) — £1(N0;L1(G, m)) >~ [q.

Which semigroup gives an interesting complemented subspace?

e —— —

!
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Theorem B. There exists a complemented subspace of Ly which does not have the

Schur property and is not isomorphic to L.

L ——————

We seek a bounded projection P : L; — L; with:

1. A non-Schur range:

. . Rosenthal
P is not Dunford—Pettis lﬂ_{.

2. P is non-Enflo: its range contains no copy of L1

————

Rosenthal’s biased-coin operators fix a copy of 62 but no copy of L;. They are

not projections.
.yf
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Rosenthal’s biased coins. For 0 < € < 1, set

1+ 1—g!
775:® T@-%—I-—F 2@5_,1)-

i>1

/f D dn:(y), )= (£ * 1) (@)

( [wanw) =<\ (G=1)
Ja

Thus € is the mean of each sign.
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4P
b

Two properties (Rosenthal).

i) For r;(z) = z;,

L~
Ter; :%rj, T % 0in L, |Terj||1 =€ > 0. .
In fact, T, fixes a copy of £s, so it is not Dunford—Pettis. T ‘ =< L

ii) T¢ is non-Enflo: it fixes no copy of L1, meaning it is bounded be{:)W on no
subspace isomorphic to L.

These are the properties we would like a projection to have.

But T is not a projection:

o 1
‘ 2 — 2 . . — .
Trr; =¢r; #er; = Ter;.



& & Lancaster A semigroup of biased coins

University

We have the following composition law:

TI;=Ts, (0<ed<1).

For additive time, put :‘Id

Cu ::T?uj (’U,ZO), COII.

L

iCUC’U — Te—(u—l—v) — Cu_|_fv. \

1 - 1—
Ky, = MNe—v = ® ( ‘|‘2€h>51 + 51)7 Cuf = [ * 2278

J=1 2

Lemma. (C,),>q is a positive contractive Cy-semigroup on L1(G,m).
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By Theorem 1, Z. is a complemented subspace of L1
L

_—

——waf_?/ —uf fcufdu
0

Cuyrj=e "“r; — R,yr'J Zé
For finite Rademacher sums];-—

nlme \|f\z( | f1 \

1/2
Doagmll = 4D e | (Z|Gj|2) +Z2”/2ﬁf Y
T R

o 2—n/2
wherey =143, -, T < 00.

Thus Z- contains a copy of £2 and therefore, in particular, is non-Schur.
> — \
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Py P { \ R YSRTS
Wono Gl fFo0  LFo1) *-- —
| L = P, :{(Z—JW (I — R2_iiR2H->

P+ JK = P
\: 0,
Theorem (Liu, 1998). In E(Ll) the following are bands:
i) non-Enflo operators; ii) Dunford—Pettis operators.
Put Hy(z,) = (zg,...,ZnN,0,...).
Lemma. Let B be a band in L(£1(Ng; L1)) and T bounded. Thenx
[HNTHN € B for every N] — T eB.

PI‘OOf./HNTHN] = HN|T‘HN T |T’|J []
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The resolvents are non-Enflo. For a > 0, put

1‘@\/1& ety D
,:— wiC, du ="e “*C,R;.

Rosenthal’s theorem makes C -a non—Enﬂo Bounded composition gives the

same property for R;,.

’—\

”Rt Rta‘|1_>1<1—€_a/t—>0 CL\LO
By norm closure, R; is non-Enflo. o

4— & -

\&_\ —p4q(
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The projection is non-Enflo. N

~—

) ﬁpoo %
P gk — |[Po Pul)--
71 , (3,5 > 1).
VQ \ . ) \ _—

Each block is a bounded composition with a resolvent, hence non-Enflo.

Every HyPH y is non-Enflo! By the band lemma, so is P.

Plizo =1 = 'Zc contains no copy of L—l\. O]

Theorem B. There is a complemented@l containing {2 but no copy of L]\
d S ‘ _

- - L
d@: 207073 (I — Ry-i)Ror-
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® (HE - s )

7>1

Measures

Eulyjl =e

0) = [ 1oy ™) () = (£ w)(e) &

_/ t e tC, du

- 0

Theorem 1 n

\ 5 | £llze = fllx + 2021 2211 = Ra—s) £l
Complemented Zo <i> ¢1(Ng; L) = L, KJ 1

subspace by — Z
me{ p) =€ l Rosenthal + cutoff + Liu

emigroup
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Change the rates:’e‘“i — e "N, with Aj > 0. )\S>O
- 1+E@%5 ey
My = < 9 1 2 -1 -

Cuf(@) = [ Fay™)duuly) = (£ + 1)(@)

Lemma. For every sequence (A;)j>1 with A; > 0, (Cy)u>0 s a positive contractive
Co-semigroup on L1(G,m).

- —
new| _—— Theoreml\\4
(A7) (1) > (Cu) Zc C Ly
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Theorem A. There exists an infinite-dimensional complemented subspace of L4
which has the Schur property and is not isomorphic to £ .

1. P is Dunford—Pettis, so Z¢ is Schur.

\

Walsh eigenvalues

1
R; compact on Ly — (R;|_ !compact —> P,;;|1., compact.

/\j—>OO —

»0 — R; compact on Ls.

Girardi / Dunford—Pettis
equi-integrability criterion

P;;| L., compact —

|

]
. Liu 4 band lemma .
P;; Dunford—Pettis — P Dunford—Pettis =— Z Schur.

e

P;; Dunford—Pettis

m——
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2. Z fails RNP, so Z¢ 2 /.
Rif=fxvy = K(f,0,...), Vlzfoooe_“uudu.

Chebyshev
+ Borel-Cantelli m(N)=0
slow growth — (V)= (u>0) — V1 1 m.
Costé

v1 L m — R;y:L;— Linotrepresentable.

composition with
Zc<—>'L1 I —
R, : L; — L7 not representable — R: : L1 — Z¢ not representable.

RNP would make every bounded operator Ly — Z¢ representable.

= Z;failsRNP = Z; % /.

We balance éj — o0 With\slow growth‘:/ﬁj = /log(j _I_,l_)_////

\\




L
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Theorem C. There are ¢ complemented subspaces (X 4) ac4 of L1, each Schur and
without RNP, with no embeddings between distinct members.

Choose an almost disjoint family A of infinite subsets of N.
1 oo q1 g1 +1 q2 g2 +1 g3

V

A\ 7 Ny > A >

I3

I I
On each coordinate block I s, put 2

A_ ESJ SEA) .
Aj _{hs, SEA g € I, 0 <ty <hs<lgi1, Lg— 0.

For A # B, there are infinitely many blocks with
sc A\ B: A=t and A} =h, (jel,).

7

VY a -~

slow fast
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Theorem 1. Let (C,) be a contractive Cy-semigroup on a Banach space X, and let

1 <p < oo. Then Z¢,(X) is isometric to a complemented subspace of £,(Ny; X).
\____/

For X = L,|0,1], put
Zoyp = Zeop(Lp|0,1]).

Zoy < 6 (No; L,[0,1]) = L,[0,1],  KJ=1.

Question. Which complemented subspaces of L, are isomorphic to Z¢ ,?
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Current work. Let1l < p < co. The spaces Z¢ ,, for uniformly bounded
Cy-semigroups on L,|0,1], are, up to isomorphism, precisely

<' complemented subspaces of L, |0, 1] b

.containing a complemented copy of £,

——

For p = 1, this includes every infinite-dimensional complemented subspace of L;.

roof of the converse. On‘T@p L, ~ L,, take E‘u\: 'lIZ () T;, where the fast
) 4

dyadic semigroup satisfies Z7 , ~ ¢,. Then ‘%A

Zep~Z®y Drp~Z®yly~Z. O
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Question. Which rates give isomorphic spaces?
Zop ™~ Zpy

Let K be compact metrizable.

—

uestion. [s every complemented .subspacm isomorphic to C(L) for some
Y

compact metrizable space L ?
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Thanks!

Questions?



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33

